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Effective Permeability for Natural Convection
in a Layered Porous Annulus

C.C.Ngo*and F. C. Lai'
University of Oklahoma, Norman, Oklahoma 73019

The feasibility of using a lumped-system approach in the heat-transfer analysis of a layered porous annulus is
numerically investigated. Numerical calculations have covered a wide range of parameters (i.e., 10 < Ra; < 500,
0.01 < K;/K; < 100) for various sublayer thickness ratios (% <r/D < % ). The results obtained are then presented
in term of the effective Rayleigh number, which is defined based on the effective permeability. Three averaging
techniques (i.e., arithmetic, harmonic, and volumetric) are used for the evaluation of the effective permeability.
The results show that the lumped-system approach can provide a reasonably good prediction in heat transfer if an
effective permeability is correctly chosen for the correlation.

Nomenclature 0 = angular coordinate
D = gap width,r, — r;, m 7 = dynamic viscosity, kg/m- s
g = acceleration from gravity, m/s? v = kinematic viscosity, m*/s
h = average heat-transfercoefficient, W/m? - K P = density of fluid, kg/m’
K = permeability, m? Y = dimensionless stream function
K, = effective permeability based on arithmetic average, m?
Ky = effective permeability based on harmonic average, m? .
Ky = effective permeability based on volumetric average, m> Introduction
k = effective thermal conductivity of porous medium, VER the years, heat transfer in saturated porous media has
W/m- K received considerable attention because of its importance in
Nu = average Nusselt number, 2 D/ k many engineering applications. Although layered porous media are
Nu = normalized Nusselt number, Nu/ Nu g frequently encountered, they have received rather little attention
Nu.,ng = conduction Nusselt number as compared with homogeneous porous media. In addition, for the
p = pressure, Pa literature availablein layered porous media! 7% (a more comprehen-
R = dimensionlessradial distance, r/ D sive review of the subjectis also available in Ref. 11) most of them
Ra, = Rayleigh number based on the arithmetic average dealt with the onset of natural convectionand the characterizationof
permeability, K 4 gB(T), — T.)D/oy v the flow and temperature fields involved. Very few provide correla-
Ray = Rayleigh number based on the harmonic average tion for engineering applications. As a result, in many applications
permeability, K ; gB(T;, — T.)D/ oy v involving layered porous media a simple lumped-system approach
Ra; = sublayer Rayleigh number, K;gB8(T, — T.)D/o;v is employed to expedite the heat-transfer calculation, instead of a
Ray = Rayleigh number based on the volumetric average detailed analysis of energy transfer in each sublayer. Clearly, the
permeability, Ky gB(T, — T.)D/ oy v feasibility of a lumped-system approach is largely dependent on
Ra, = Rayleigh number based on the first sublayer properties, a successful characterization of the average properties of the sys-
K, gB(T, — T.)D/oyv tem. Among the thermophysical properties involved, permeability
r = radial distance, m is perhaps the most important one to be characterizedbecause of its
r; = radial location of the interface, m direct connection to the strength of convective flow. In this study
T = temperature, K an attempt has been made to characterize the effective permeability
T, = mean temperature, (T}, + 7,.)/2 of a layered porous annulus subject to differential heating from the
U = dimensionless velocity in the radial direction, two bounding walls. Based on the results obtained, the feasibility
U =1/R(0¥/00) of a lumped-system approach is evaluated. To this end, a detailed
u = Darcy velocity in the radial direction,u = aU/ D numerical analysis is performed over a wide range of parameters
14 = dimensionless velocity in the angular direction, (ie., 10 <Ra; <500and 107> <K,/ K, <107) for various sublayer
V = —30¥/oR thickness ratios (2 <r;,/ D <4).
v = Darcy velocity in the angular direction,v = aV/D
a = therma.l diffusivity of porous medium, kl(pc,) s, m*/s Formulation and Numerical Method
B = coefficient of thermal expansion, . . ..
(=1/p)(ap/aT),,, K The geometry considered is a porous annulus comprising two
) = dimensionless terﬁperature (T = T,)/(T, — T.) sublayers (Fig. 1). While the outer wall is cooled at a constant tem-
" h ¢ perature T, the inner wall is maintained at 7;,(7;, > T.). The two
sublayers that have a distinct permeability are assumed to be satu-
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Fig. 1 Layered porous annulus
subject to differential heating
from two bounding walls.
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where the subscript i(=1, 2) denotes the inner and outer sublay-
ers, respectively. The corresponding boundary conditions are the
following.

On the inner wall:

Tl =Th, u =0 (53)
On the outer wall:
T, =T, u, =0 (5b)

At the interface the appropriate conditions are the continuity of
pressure, temperature, radial flow, and heat flux:

P1 =D (6a)

T, =T, (6b)

U, =u, (6¢)
o7, oty

kf— =k,— 6d

"or “or (6d)

The justification of these boundary conditions has been given by
McKibbin and O’ Sullivan,? as well as by Rana et al.*

After invoking Boussinesq approximation, the dimensionless
governing equations are given by

oR R 00

0, Vv, 00, 1 2 [ 00,
U=—+—-——L=——|R—)]+
OR R 00 ROR\ OoR

To solve the preceding two equations simultaneously,a coordinate
transformation [Eq. (9)], which converts the computation domain
onto a rectangulargeometry, has been used to facilitate calculations:

_ _f@) @

1 9%,
R? 0602

®)

bR — R,

YT R, — R,

Looy=22r L
2 6,—-6 2

In the preceding expressions, R; and R, are the dimensionlessinner
radius and outer radius of the annulus. Also, 6;(=0) and 0,(=27)
represent the angular spans of the annulus.

This numerical scheme was previously employed by Pop and
Lai'? to simulate the natural convectionin a truncated circular sector
of porous medium. Although other transformationsare possible, this
approachis chosenbecause of its readiness for use with a minimum
modification.

Thus, the governing equations in terms of stream function are
transformed to

NGRS TR 2 R\
X +y =Ra;(R\R))2| —
° ax2 ° 9y? R,

a@l‘ a®z .
X | x,— cos 2 +0, )| — y,— sin 2 + 0, (10)
0x Yo oy Yo

oY, 00; oY, 00; ) %0, ) %0,
XoVo\ == ~——— =X, +y0 (11)
oy 0x ox 0y ox? oy?
where
X, = 1/[la(Ry/ Ry)], Yo =1/(6,-6,)=1/2n

O, = (6, + 6)/2

Similarly, the boundary conditions are then expressedas follows.
On the inner wall:

%, ¥, =0 (12a)
On the outer wall:

¥, =0 (12b)
whereas the interface conditions are given by

a‘i”l _ Kl [0 a‘{”Z

= 13
0x K, a; 0x (132)
0, =0, (13b)
oY oY
-2 (130)
% a; 0y
00 00
L _xo® (13d)
0x a; 0x

Because both sublayers are saturated with the same fluid, it is im-
portant to note that «;/a, = k;/ k,. The interface conditions have
been implemented in the same way as described by Rana et al.* by
using the imaginary nodal points.

The governing equations and boundary conditions are solved us-
ing a finite difference method, which has been successfully em-
ployed by the author.>>!%!2 In view of the complexity involved, the
present study is limited to the case of r;/ D =% and r,/ D = % In
addition, the diffusivity ratio o4/ oy is set to unity, assuming that
the porous layers are made from the same material. A uniform grid,
51 X121, has been used for most calculations in the present study,
whereas finer grids (61 X 121,81 X 121, and 101 X 121) are neces-
sary for a few cases at K/ K, =0.01 to obtain converged solutions.
Once solutions converged using the preceding specified grids, fur-
ther grid refinement does not produce any significant improvement
in the calculated Nusselt numbers. For example, the improvement
in the predicted Nusselt number at Ra; =500 is less than 2% when
the grid is refined from 51 X121 to 101 X121. As an additional
check on the accuracy of the computational results, an overall en-
ergy balance has been performed after each calculation. For the
present study the energy balance for most calculations is satisfied
within 2%. Only a few cases at K|/ K, =0.01 are slightly greater
than 2%. To validate the numerical code, the solutions thus obtained
have been compared with those reported in the literature for the case
of ahomogeneous annulus by setting K,/ K, and k,/ k,(=0, / ) to
unity. The agreement is very good, as shown in Fig. 2 (Refs. 8 and
13-15).

Results and Discussion

For a layered porous annulus the flow and temperature profiles
are very different from those of a homogeneous one caused by the
step change in permeabilities. In addition, the location of the layer
interface has a significant impact on the flow and temperature fields
as will be discussed in the following sections.

For a homogeneous porous annulus the buoyancy-induced flow
has a pattern of two primary cells (Fig. 3). Heated fluid rises to
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Fig. 2 Comparison of numerical results for natural convection in a
homogeneous porous annulus.
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Fig. 3 Flow and temperature fields in a homogeneous porous annulus.
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Fig. 4 Flow and temperature fields for a layered porous annulus with
Ki/K; =10 (A¥Y=0.2and A® =0.1).

the top along the inner cylinder and descends to the bottom of the
annulus when cooled. Corresponding to this flow motion, a thermal
plume is observed rising from the inner cylinder. Because of sym-
metry, isotherms are only shown on the left-hand side of the annulus,
and streamlines are on the right-hand side. For a layered annulus
the flow and temperature profiles are very different from those of
a homogeneous one because of the step change in permeabilities
(Figs. 4-7).

For K,/ K, =10 convectionwas initiatedin the innersublayerata
small Rayleigh number. With an increase in the base Rayleigh num-
ber Ra,, the progressive penetration of convective flow to the less
permeable (outer) sublayer (Fig. 4) is clearly observed. However,
for K,/ K, =100 the outer sublayer behaves like an impermeable
wall, and convection is completely confined to the inner sublayer.
The flowfield in the inner sublayerlooks almostidenticalto that of a
homogeneous annulus with a reduced radius ratio of r;/ r; (Fig. 5).
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Fig. 5 Flow and temperature fields for a layered porous annulus with
K{/K; =100 (AW¥=0.2and A® =0.1).
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Fig. 6 Flow and temperature fields for a layered porous annulus with
Ki/K;=0.1( A¥=2and A®=0.1).
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Fig. 7 Flow and temperature fields for a layered porous annulus with
Ki/K;=0.01 (AW¥W=2and A®=0.1).
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As aresult of flow confinement, heat transferby convectionis dom-
inantin the inner sublayerand conductionin the outer sublayer. The
differencein the heat-transfermode involvedin each sublayercanbe
clearly observed from the isothermsshowninFig. 5. For K,/ K, < 1
convection is first initiated from the outer (more permeable) layer.
With an increase in the Rayleigh number, convection also prevails
in the inner sublayer (Figs. 6 and 7). It is interesting to observe the
presence of secondary convective cells in the outer sublayer.

For a fixed Rayleigh number, the observation is made that the
strength of convective cell increases with the sublayer thicknessra-
tior;/ D for K,/ K, > 1 (Figs. 4 and 5) and decreasesfor K,/ K, < 1
(Figs. 6 and 7). For K,/ K, < 1 a smaller thickness ratio leads to a
suppression of convectionin the inner layer and thus a higher inter-
face temperature between two sublayers (Figs. 6 and 7). This conse-
quentlyinitiatesa strongerconvectivecell in the outer layer. With an
increase in the thickness ratio, the temperature gradient across the
inner layer decreases, and the strength of the convective cell in the
outer layer also reduces accordingly. Because of the permeability
contrast, the result of this change is a slight increase in the strength
of the convective cell in the inner layer, but a significant reduction
in the outer layer. For K,/ K, > 1 the situation is just reversed.

For K/ K, > 1 the contribution to total heat transfer by conduc-
tion from the less permeable (outer) layer increases as the thickness
ratio increases, which is evident from the isotherms displayed in
Figs. 6 and 7. On the other hand, for K,/ K, < 1 the contributionby
convection from the less permeable layer increases as the thickness
ratio increases.

The preceding discussion can be best understood by visualizing
the step change in the permeability being created by replacing the
outer portion of an originally homogeneous annulus with a different
material (i.e., K is held constant). When this is done by introduc-
ing a less permeable material to the outer region (i.e., K,/ K, > 1),
the added flow resistance in the outer layer inhibits the penetration
of the convective flow such that the recirculating cell is primarily
confined to the inner layer. The outer sublayerin this case acts like a
convectionsuppressor (Figs. 4 and 5). If a more permeable material
is emplaced instead (i.e., K|/ K, < 1), the convective cell becomes
notably strong when compared with that of a uniform case (Figs. 6
and 7). Becauseless flow resistanceis encounteredin the outerlayer,
the buoyancy-inducedflow is initiated at a smaller Rayleigh number.
The outer sublayer thus acts like a convection promoter. Because
of the difference in the role played by the outer sublayer, the heat-
transfer modes in these two cases are also distinct. For a layered
annulus with K,/ K, > 1, heat transfer is mainly by conduction at
a small Rayleigh number, which is evident from the corresponding
isotherms shownin Figs. 4 and 5. As the Rayleighnumberincreases,
it changes gradually from conduction to weak convection. On the
other hand, heat transfer is always by convection for a layered an-
nulus with K,/ K, < 1 (Figs. 6 and 7).

For the present study the total heat transfer from the annulus is
of the greatestinterest and can be expressed in terms of the Nusselt
number

N ! /% o0 d (14)
u = — — —
R(R.JR) J , 3X Y

-3 |

7 r=-%
Physically, this value represents the total heat fluxes from the inner
cylinder. However, heat-transfer results for the problem under con-
sideration are most informative if the Nusselt number thus obtained
is normalized by its conduction value. In this way the normalized
Nusselt number also represents the relative importance of convec-
tion to conduction.The conductionNusselt number can be evaluated
as

Nutong = 1/[R16a(R,/ R)] (15)

and the normalized Nusselt number is thus given by

ol—

— Nu 00
Nu = = —_
Nucond 4 ox

dy (16)
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Fig. 8 Heat-transfer results for natural convection from a layered po-
rous annulus.

The normalized Nusselt numbers obtained for the present study
are shown in Fig. 8. The observationis made that the Nusselt num-
ber for a layered annulus of K,/ K, < 1 is always greater than that
of a homogeneous annulus. But the Nusselt number for a layered
annulusof K/ K, > 1, on the other hand, is constantly smaller than
thatof ahomogeneousone. The correlationfor natural convectionin
ahomogeneous annulus obtained from the presentstudy is given by

Nu = 0.238Ra? (17)

which compares very well with the correlation proposed by Bejan'®

ol—

Nu = 0.223Ra (18)

based on the data reported by Caltagirone.

As mentioned earlier, it is a common practice to use a lumped-
systemanalysisfor problemsinvolvingalayeredsystem. Here, three
averaging schemes are examined for their appropriatenessin defin-
ing the effective permeability of a layered porous annulus. The first
is based on the arithmetic average, the second is based on the har-
monic average and the last is based on the volumetric average. The
expressions for these averaging techniques are given next:

— r; r;

Ky = BKI + (1 - B>K2 (19a)
1 i/ D 1—r;/D

—_ _L+¢ (19b)
Ky K, K,

(rl.2 - rlz) o+ (r22 - rl.z)
(=) (2=1])

The heat-transferresults for natural convectioninalayered porous
annulusare redrawnin Fig. 9 as a function of the effective Rayleigh
number, whichis defined based on the effective permeability givenin
Eq. (19). Also shownin these figuresis the numerical result obtained
from the correlation [i.e., Eq. (17)]. From Fig. 9 the observation is
clearly made that arithmetic and volumetric averaging schemes tend
to underestimate the total heat transfer when compared with that
predicted by the correlation. Despite some scattering, the effective
permeability based on the harmonic average actually provides a
better prediction in heat transfer. If it were used for engineering
applications, the maximum error is estimated to be within 30% of
that predicted by the correlation [Eq. (17)].

From a recent study'” on natural convection in a layered square
cavity, it is reported that the effective permeability of a layered sys-
tem depends on the relative direction of the heat flow to the layer
interface. In addition, the arithmetic average works better with a
system in which heat flows in parallel to the layer interface, and the
harmonic scheme is the best for a system in which heat flows per-
pendicularly to the layer interface. For a layered annulus subject to
differential heating from two bounding walls, the relative direction
of heat flow to the layer interface is rather complicated. Although
heat flows nearly parallel to the interface in the lower half of the an-
nulus, it is almost perpendicularto the interface in the upper half of

K, K, (19¢)
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Fig. 9 Heat-transfer results based on the effective permeability model.

the annulus. As a result, the characterizationof effective permeabil-
ity for alayered annulusis not as straightforwardas thatfor a layered
square cavity. Although some successin using the harmonic scheme
has been observed in the present study, the data in the present study
are scattered slightly wider than those of layered square cavities,!”
which seems to imply that the present analysis needs to be further
refined. To combine both arithmetic and harmonic schemes with
a weighting parameter has been attempted. The results, however,
were not satisfactory.

Conclusions
Heat transfer across a layered porous annulus has been numer-
ically examined. Whereas the present study has explored a funda-
mental heat-transfer problemin a layered porous annulus, the study

has primarily focused on the feasibility of using a lumped-system
approachin the heat-transferanalysis. Based on the resultsobtained,
one can conclude that a lumped-system approach is applicable for
heat-transfer analysis in a layered system as long as the effective
permeability is correctly chosen for the correlation. For the present
study the harmonic averaging scheme provides the best results. The
error that can result from using this approach is estimated to be
within 30% of that predicted by the correlation. Effects of other
nonuniformpropertieson the applicabilityof a lumped-systemanal-
ysis to a layered system await further investigation.
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